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Abstract
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law clγ (X×Y )(A× B) = clγXA× clγ Y B, whereγZ denotes the Dieudonné completion ofZ, for
p-bounded subsets and we generalize the classical Glisckberg Theorem on pseudocompactness in
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1. Introduction

In this article we will assume that all spaces are Tychonoff spaces unless otherwise
stated. IfX is a space andA⊂X, then clX(A) (or simply cl(A)) denotes the closure ofA
in X. Forx ∈X, letN (x) denote the set of all neighborhoods ofx. For a setX, P(X) is
the collection of subsets ofX, and|X| denotes the cardinality ofX. The Greek letters will
stand for infinite ordinal numbers. For an ordinal numberκ , [0, κ) will indicate the space
of ordinal numbersλ < κ endowed with the order topology. The cardinal number 2ω will
also be denoted byc. If α is a cardinal number, then cf(α) is the cofinality ofα; besides,
[X]<α (respectively,[X]6α , [X]α) will stand for the family of subsets ofX of cardinality
< α (respectively,6 α,= α); andαX is the set of functions fromα toX. The set of natural
numbers will be denoted byω. The Stone–̆Cech compactification of a spaceX will be
denoted asβ(X). The spaceβ(ω) is identified with the set of ultrafilters onω, andω∗ is
the set of free ultrafilters, that isω∗ = β(ω)\ω. If f :X→ Y is a continuous function, then
f β :β(X)→ β(Y ) denotes the Stone–C̆ech extension off . TheRudin–Keisler(pre-)order
on β(ω) is defined byp 6RK q if there is a functionf :ω→ ω such thatf β(q)= p, for
p,q ∈ β(ω). Observe thatn 6RK p for everyn < ω andp ∈ β(ω), and ifp 6RK q , then
there exists a surjectionf :ω→ ω such thatf β(q)= p. Forp ∈ ω∗, we set

PRK(p)=
{
r ∈ β(ω): r 6RK p

}
.

If p 6RK q and q 6RK p, for p,q ∈ ω∗, then we say thatp and q are equivalent and
we writep ≈RK q . It is not difficult to verify thatp ≈RK q iff there exists a permutation
σ :ω→ ω such thatσβ(p)= q . Thetypeof p ∈ ω∗ is T (p)= {q ∈ ω∗: p ≈RK q}.

The concept ofp-limit, for p ∈ ω∗, was discovered and investigated by Bernstein [1]
in connection with some problems in the theory of nonstandard analysis. Independently,
Frólik [10] and Kat̆etov [20,21] introduced this concept in a different form, and Ginsburg
and Saks [17] generalized this notion as follows:

Definition 1.1. Let p ∈ ω∗ and(Sn)n<ω be a sequence of nonempty subsets of a spaceX.
A point x ∈ X is a p-limit point of the sequence(Sn)n<ω if for every V ∈ N (x),
{n < ω: V ∩ Sn 6= ∅} ∈ p.

If xn ∈X andSn = {xn} for eachn < ω, then ap-limit point of (xn)n<ω is Bernstein’s
p-limit point of the sequence(xn)n<ω. Note that if there exists ap-limit point of a
sequence(xn)n<ω, this has to be unique, sinceX is Hausdorff; but, in general, a sequence
(Sn)n<ω of nonempty subsets of a spaceX could have more than one point. For instance, if
Sn = {1/n} ×R for eachn < ω, then each point(0, r) ∈R2 is ap-limit point of (Sn)n<ω ,
for eachp ∈ ω∗.

Definition 1.2 (Bernstein, [1]).
(1) Letp ∈ ω∗. A spaceX is p-compactif every sequence(xn)n<ω has ap-limit.
(2) A spaceX is ultracompact ifX is p-compact for everyp ∈ ω∗.
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Every compact space is ultracompact, and Vaughan proved [27, Theorem 4.9], that in
the class of regular spaces,X is ultracompact iffX is ω-bounded(= the closure of each
countable subset ofX is compact). Ginsburg and Saks introduced in [17] the concept
of p-pseudocompactness and later García-Ferreira defined the relative version of this
concept [11]:

Definition 1.3.
(1) Let p ∈ ω∗. A subspaceY of a spaceX is said to bep-boundedin X if for every

sequence(Vn)n<ω of nonempty open subsets ofX with Y ∩ Vn 6= ∅, for all n < ω,
there isx ∈X which is ap-limit point of the sequence(Vn)n<ω.

(2) If X is p-bounded in itself, thenX is calledp-pseudocompact.

These properties are productive and preserved by continuous functions (see [11,17]).
Besides, ifY is a regular closed subset of ap-pseudocompact spaceX, thenY itself is
p-pseudocompact; and ifY is p-bounded inX, then clX Y is p-bounded inX too. The
property of beingp-bounded is monotone with respect to the Rudin–Keisler pre-order,
that is, if q 6RK p andY is p-bounded inX, thenY is q-bounded inX. It is well known
that a spaceX is pseudocompact if for every sequence(Un)n<ω of open subsets ofX there
is a pointx ∈X such that for everyV ∈N (x),∣∣{n < ω: V ∩Un 6= ∅}

∣∣> ℵ0.

So, ifX is p-pseudocompact for somep ∈ ω∗, thenX is pseudocompact.
The next concept and some of its properties were analyzed in [14]. Letα and γ be

cardinal numbers. A subsetB of X is said to beCα-compact inX if f [B] is a compact
subset ofRα for every continuous functionf :X→Rα . If α < γ , then everyCγ -compact
subset ofX is Cα-compact; and ifX is Cα-compact in itself, then we say thatX is
α-pseudocompact. A set Y ⊂ X is a Gδ-set in X if there is a sequence(Un)n<ω of
nonempty open sets inX such thatY =⋂n<ω Un. A subsetY ofX isGδ-dense inX if each
nonemptyGδ-set inX has a nonempty intersection withY . A spaceX is pseudocompact iff
X is ℵ0-pseudocompact; andB is Cα-compact (inX) iff B isGα-dense in clβ(X)(B). For
eachα < γ there exists a spaceX which isα-pseudocompact and is notγ -pseudocompact.
In fact, the space of ordinal numbers[0, α+) with its order topology isα-pseudocompact
but is notγ -pseudocompact.

Recall that a spaceX is sequentially compactif every sequence inX has a convergent
subsequence. A spaceX is totally countably compactif every sequence inX has a
subsequence contained in a compact subset ofX. Every sequentially compact space is
totally countably compact, and if a spaceX has this latter property, thenX is countably
compact. Recall also that, for a topological propertyP , a spaceX is σ -P if X is the union
of a countable family of subspaces havingP .

If X andY are two spaces, we will denote byC(X,Y ) the set of continuous functions
defined onX and with values inY . If Y = R, then we will write C(X) instead of
C(X,R). The set of real bounded continuous functions defined onX is denoted byC∗(X).
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A subspaceY of a spaceX isC∗-embedded inX if for everyf ∈C∗(Y ) there isg ∈ C∗(X)
such thatg|Y = f ; and it is a zero-set (respectively, cozero-set) if there isf ∈ C(X) such
thatY = f−1{0} (respectively,f−1(R \ {0})).

In this article we give some basic properties ofp-bounded subsets (p ∈ ω∗) in terms of
z-ultrafilters and families of continuous functions (Section 2). In Section 3, we analyze the
relations betweenp-pseudocompactness with other pseudocompact-like properties such
asp-compactness andα-pseudocompactness whereα is a cardinal number, we give an
example of a sequentially compact ultrapseudocompactα-pseudocompact space which is
not ultracompact, and an example of an ultrapseudocompact totally countably compact
α-pseudocompact space which is notq-compact for anyq ∈ ω∗, answering affirmatively
a question posed by S. García-Ferreira and Koc̆inac in [12], and we discuss the relation
betweenp-pseudocompactness andp-compactness in normal and first countable spaces.
Section 4 is dedicated to the product of twop-bounded subsets; we show the distribution
law clγ (X×Y )(A× B) = clγX A× clγ Y B, whereγZ denotes the Dieudonné completion
of Z, for p-bounded subsets, and we generalize the classical Glisckberg Theorem on
pseudocompactness in the realm ofp-boundedness. These results are applied to study the
degree of pseudocompactness in the product ofp-bounded subsets.

2. p-boundedness

In this section we are going to give some alternative descriptions ofp-boundedness in
terms ofz-ultrafilters and families of continuous functions.

Definition 2.1. LetX be a space,Y ⊂X and letp ∈ ω∗.
(1) A family A = {Aj : j ∈ J } of subsets of a spaceX is p-generated relative toY

if there exists a collection{Un: n < ω} of nonempty open subsets ofX such that
Y ∩Un 6= ∅ for eachn < ω, and for eachj ∈ J , the set{n ∈ ω: Un ⊂ Aj } belongs
top (that is, for eachj ∈ J , there isFj ∈ p satisfying:Aj ⊃⋃n∈Fj Un). We simply
say thatA is p-generated whenA is p-generated relative toX.

(2) A collectionU of subsets ofX with the finite intersection property isp-real relative
to Y if each collection{Aj : j ∈ J } ⊂ U which is p-generated relative toY , has
nonempty intersection. IfY =X we simply say thatU is p-real.

(3) A collectionA= {An: n < ω} of subsets ofX is locally p-finite if for eachx ∈X
there is a neighborhoodV of x such that{n < ω: V ∩An 6= ∅} /∈ p, that is,A does
not admitp-limit points.

Observe that eachp-generated family relative toY ⊂ X has the finite intersection
property, and a locallyp-finite sequence of nonempty open sets of a spaceX cannot be
a finite set becausep is an ultrafilter.

Theorem 2.2. LetX be a space,Y ⊂ X andp ∈ ω∗. Then, the following assertions are
equivalent.

(1) X is p-pseudocompact(respectively,Y is p-bounded inX).
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(2) For every sequence of nonempty open sets{Un: n < ω} in X (respectively, such that
Y ∩Un 6= ∅ for eachn < ω) we have⋂

F∈p
clX

(⋃
n∈F

Un

)
6= ∅.

(3) Eachp-generated family{Aj : j ∈ J } in X (respectively, relative toY ) satisfies that⋂
j∈J cl(Aj ) 6= ∅.

(4) Every z-ultrafilter onX is p-real (respectively, relative toY ).
(5) If {Un: n < ω} is a locallyp-finite family of open sets inX (respectively, such that

Y ∩Un 6= ∅), then|{n < ω: Un 6= ∅}|< ℵ0.

Proof. We give the proof for the relative case.
(1)⇒ (2) Letx ∈X be ap-limit of (Un)n<ω with Y ∩Un for everyn < ω, and letF ∈ p.

If V is a neighborhood ofx thenGV = {n < ω: V ∩Un 6= ∅} ∈ p. Letm ∈ F ∩GV . We
have thatUm ∩ V 6= ∅; so,x ∈ clX(

⋃
n∈F Un).

(2)⇒ (3) Let (Un)n<ω be a family of nonempty open sets thatp-generates{Aj : j ∈ J }
relative toY . Thus, for eachj ∈ J , there existsFj ∈ p such that

⋃
n∈Fj Un ⊂Aj . Therefore⋂

j∈J
clX(Aj)⊃

⋂
j∈J

clX

( ⋃
n∈Fj

Un

)
⊃
⋂
F∈p

clX

(⋃
n∈F

Un

)
6= ∅.

(3)⇒ (4) This implication is trivial.
(4)⇒ (5) Assume thatU = (Un)n<ω is a locallyp-finite family of nonempty open sets

in X such thatY ∩ Un 6= ∅. For eachx ∈ X let Vx ∈ N (x) be a cozero neighborhood of
x such that{n < ω: Vx ∩ Un 6= ∅} /∈ p. We have then thatV = {Vx : x ∈ X} is a cover
of X. It happens now thatW = {X \ Vx : x ∈ X} is a family of zero setsp-generated by
(Un)n<ω relative toY , so it has the finite intersection property. LetZ be az-ultrafilter on
X containingW . By hypothesis,Z is p-real relative toY , hence there isx0 ∈⋂W ; but
this means thatV does not coverX, which is a contradiction.
(5)⇒ (1) It is easy to prove this implication.2

Definition 2.3. LetX be a space,Y ⊂X andp ∈ ω∗.
(1) A collection {fn: n < ω} of real-valued functions defined onX is locally p-zero

relative toY if for eachy ∈ Y we can find a neighborhoodVy ∈N (y)which satisfies{
n < ω: Vy ⊂ f−1

n ({0})}∈ p.
(2) A collection {fn: n < ω} of real-valued functions defined onX is locally

p-bounded relative toY if there existsr > 0 such that, for eachy ∈ Y we can find a
neighborhoodVy ∈N (y) which satisfies{

n < ω: Vy ⊂ f−1
n ([−r, r])}∈ p.

(3) A collection{fn: n < ω} of real-valued functions defined onX is strongly locally
p-bounded(or p-equicontinuous) relative toY if for each r > 0 and eachy ∈ Y
there existsV(y,r) ∈N (y) such that{

n < ω: V(y,r) ⊂ f−1
n ([−r, r])} ∈ p.
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(4) A collection of functions{fn: n < ω} is p-bounded relative toY if there exists
F ∈ p such that{fn(y): n ∈ F,y ∈ Y } is bounded inR.

We will say that{fn: n < ω} is locally p-zero(respectively,locally p-bounded, strongly
locally p-bounded,p-bounded) if the subsetY coincides to the whole spaceX.

Theorem 2.4. LetX be a space,Y ⊂X andp ∈ ω∗. Then, the following are equivalent:
(1) X is p-pseudocompact(respectively,Y is p-bounded inX).
(2) Each locallyp-zero collection{fn ∈ C(X): n < ω} is p-bounded(respectively,

relative toY ).
(3) Each strongly locallyp-bounded collection{fn ∈ C(X): n < ω} is p-bounded

(respectively, relative toY ).
(4) Each locallyp-bounded collection{fn ∈C(X): n < ω} is p-bounded(respectively,

relative toY ).

Proof. Observe that every locallyp-zero familyF = {fn: n < ω} is strongly locally
p-bounded, and this implies thatF is locally p-bounded. Then we have that the
implications (4)⇒ (3)⇒ (2) are obvious. We are going to prove (2)⇒ (1)⇒ (4). We
give the proof for the relative case.
(2)⇒ (1) Assume thatY is notp-bounded inX. Then there is a sequence(Un)n<ω of

nonempty open sets inX such thatY ∩ Un 6= ∅ for eachn < ω, which is locallyp-finite.
For eachn < ω, we takeyn ∈ Y ∩Un and a continuous functionfn :X→[0, n] defined by
fn(yn)= n andfn(y)= 0 if y /∈ Un.

Claim. The collectionF = {fn: n < ω} is locallyp-zero.

Indeed, since(Un)n<ω is locally p-finite, for eachx ∈ X there existsVx ∈N (x) such
that {n < ω: Vx ∩Un 6= ∅} /∈ p. ThusF = {n < ω: Vx ∩ Un = ∅} ∈ p. So,{n < ω: Vx ⊂
f−1
n (0)} ⊃ F ∈ p.
Now, for eachF ∈ p and eachn < ω there isnF ∈ F with nF > n. By definition,

fnF (ynF )= nF > n. Hence,{fn(x): n ∈ F, x ∈ Y } is not bounded. This means thatF is
notp-bounded relative toY .
(1)⇒ (4) Assume thatY is p-bounded inX and letF = {fn ∈ C(X): n < ω} be

a locally p-bounded collection. So there existsr > 0 such that for eachx ∈ X we
can findVx ∈ N (x) satisfying {n < ω: Vx ⊂ f−1

n ([−r, r])} ∈ p. For eachn < ω, let
Un = f−1

n (R \ [−r, r]) and for eachF ∈ p consider the setAF = ⋃n∈F Un. Suppose
that Y ∩ AF 6= ∅ for everyF ∈ p. Observe thatA is p-generated relative toY . Since
Y is p-bounded inX, then

⋂
F∈p clX(AF ) 6= ∅ (Theorem 2.2). Letx0 ∈⋂F∈p clX(AF ).

Thus, for eachF ∈ p and eachV ∈ N (x0) there existsn(F,V ) ∈ F and x(F,V ) ∈ V
such that|fn(F,V )(x(F,V ))|> r. We define the setGV = {n(F,V ): F ∈ p} ⊂ ω for each
V ∈N (x0). If GV /∈ p, thenHV = ω \GV ∈ p; so, because of the definition ofGV and
n(HV ,V ), it happens thatn(HV ,V ) ∈HV ∩GV , which is not possible. ThereforeGV ∈ p
for everyV ∈N (x0). We also define the set

TV =
{
n < ω: |fn(V )|6 r

}
for V ∈N (x0).
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Claim. For eachV ∈N (x0), TV ∩GV = ∅.

In fact, if n ∈ GV then n = n(F,V ) for someF ∈ p. But |fn(x(F,V ))| > r with
x(F,V ) ∈ V , son /∈ TV .

SinceGV ∈ p, TV /∈ p; though this contradicts our hypothesis aboutF in the pointx0.
This contradiction was obtained by assuming thatY ∩ AF 6= ∅ for everyF ∈ p; so there
must beE ∈ p such thatY ∩AE = ∅. That is, for eachn ∈ E, Y ∩ Un = ∅. This implies
that for everyy ∈ Y and everyn ∈E, |fn(y)|6 r. ThereforeF is p-bounded with respect
to Y . 2

3. p-pseudocompactness andp-compactness

In this section we are going to realize how differentp-pseudocompactness andp-com-
pactness can be, even in classes of spaces with strong properties as that of sequentially
compactα-pseudocompact spaces with arbitraryα. We construct our examples ofα-
pseudocompact spaces satisfying an additional propertyP that is hereditary with respect to
subspaces satisfying propertyQ. The basic construction consists of: First we take a spaceX

that satisfiesP , then convenient compact spacesbX andK, wherebX is a compactification
of X andK ⊂ bX. Finally we choose a cardinal numberκ such that:

(i) cf(κ) >max{ω,α},
(ii) (K × [0, κ))∪ (X× {κ}) isC∗-embedded in(K × [0, κ))∪ (bX× {κ}), and
(iii) (X× {κ}) satisfiesQ in (K × [0, κ))∪ (X× {κ}).

Definition 3.1. We will say that a spaceX isultrapseudocompactif X isp-pseudocompact
for everyp ∈ ω∗.

Given an infinite cardinal numberα and p ∈ ω∗, there exist spaces which arep-
pseudocompact andα-pseudocompact. In fact, the space of ordinal numbers[0, α+) is
ultrapseudocompact andα-pseudocompact; and, of course, every compact spaceX is
ultrapseudocompactandα-pseudocompact for every cardinal numberα. On the other hand,
there areα-pseudocompact spaces which are notp-pseudocompact for anyp ∈ ω∗.

Example 3.2. Let α be a cardinal number. There exists a spaceY which is α-
pseudocompact and is notp-pseudocompact for anyp ∈ ω∗.

Proof. In fact, in [15] it was shown that ifX is a pseudocompact subspace ofβ(ω) with
ω⊂X, andκ is a cardinal number with cf(κ) > 2c, thenX is homeomorphic to the regular
closed subspaceX × {κ} of the spaceY = Y (X,κ) = (ω∗ × [0, κ)) ∪ (X × {κ}), where
Y has the topology inherited by that of the product inβ(ω) × [0, κ]. The spaceY is
C∗-embedded in(ω∗ × [0, κ))∪ (β(ω)× {κ})⊂ β(ω)× [0, κ], soβ(Y )= (ω∗ × [0, κ))∪
(β(ω)× {κ}). Moreover,Y is α-pseudocompact if cf(κ) > α, because, in this case,Y is
Gα-dense inβ(Y ) (see Theorem 1.2 in [14]). It is shown by Comfort [3] and Frolík [9] that
all powers ofΣ(p)= ω ∪ T (p) are pseudocompact for everyp ∈ ω∗, and García-Ferreira
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proved in [11] that ifp ∈ ω∗ is notRK-minimal, thenΣ(p) is notq-pseudocompact for
everyq ∈ ω∗. Therefore, the spaceY (Σ(p), κ), wherep ∈ ω∗ is not RK-minimal and
cf(κ) > max{2c, α}, is α-pseudocompact and is notp-pseudocompact for anyp ∈ ω∗
because this property is inherited by regular closed subsets.2

It is clear that everyp-compact space isp-pseudocompact forp ∈ ω∗, but these two
properties are not equivalent. Indeed, the spaceY = (A(ω) × [0, κ]) \ {(x0, κ)} where
A(ω)= ω∪{x0} is the one-point compactification of the natural numbers, and cf(κ) > ω, is
an ultrapseudocompact locally compact andα-pseudocompact space for everyα < cf(κ),
and it is notp-compact for anyp ∈ ω∗, because it is not countably compact. Even more, we
can give an example of a totally countably compact space with these properties, answering
Question 6.5 in [12] affirmatively:

Example 3.3. Let α be a cardinal number. There exists a spaceY which is an ultra-
pseudocompact, totally countably compact andα-pseudocompact space; besides,Y is not
q-compact for anyq ∈ ω∗.

Proof. We obtain this example by modifying Example 2.14 in [27]. For eachq ∈ ω∗ let
Kq be the subspaceβ(ω) \ {q} of β(ω). Every infinite setE in Kq has a cluster pointr
in β(ω) with r 6= q . Thus any closed neighborhood ofr which does not containq will be
a compact subset ofKq containing an infinite subset ofE. ThenKq is totally countably
compact, but is notq-compact since the onlyq-limit point in β(ω) of the countable set
ω ⊂Kq is q . Take a cardinal numberκ such that cf(κ) >max{ω,α}. For eachq ∈ ω∗, let
Zq = β(ω)× {q} be a copy ofβ(ω). Let x0 be a point not belonging to anyZq , and let

Z =
(⊕
q∈ω∗

Zq

)
∪ {x0}

be the one-point compactification of the free topological sum of the spacesZq . Let X
be equal to(

⊕
q∈ω∗(Kq × {q})) ∪ {x0} with the topology inherited fromZ. SpaceX is

totally countably compact and is not evenq-pseudocompact for anyq ∈ ω∗ (see [27]).
Now, consider the subspaceY = (Z×[0, κ))∪ (X×{κ}) of the compact spaceZ×[0, κ].
The spaceY is totally countably compact. Besides,X × {κ} is closed inY , soY is not
q-compact for anyq ∈ ω∗ because this property is hereditary with respect to closed subsets.
If U is an open set inY , thenU ∩ (Z × [0, κ)) 6= ∅, so if (Un)n<ω is a sequence of
open sets inY and for eachn < ω, (xn, yn) ∈ Un ∩ (Z × [0, κ)), then{yn}n<ω ⊂ [0, λ]
for someλ < κ . SinceZ × [0, λ] is a compact space, there is ap-limit point a ∈ Y
of the sequence(xn, yn)n<ω. The pointa is a p-limit point of (Un)n<ω. Therefore,Y
is ultrapseudocompact. Finally,Y is α-pseudocompact because,Y is C∗-embedded in
Z× [0, κ], soβ(Y )=Z× [0, κ], andY isGα-dense inβ(Y ) because of cf(κ) > α. 2

Now we are going to discuss the relationship betweenp-pseudocompactness and
p-compactness in the class of sequentially compact spaces. First some definitions.

A spaceX is finally α-compact, whereα is a cardinal number, if for every open cover
of X there exists a subcover of cardinality less thanα.
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Define the quasi-order6∗ on ωω by f 6∗ g if f (n) 6 g(n) for all but finitely many
n < ω. A subset ofωω is calledunboundedif it is unbounded in(ωω,6∗).

Define the quasi-order⊂∗ onP(ω) by

F ⊂∗ G if F \G is finite.

We say thatA is apseudo-intersectionof a familyF if A⊂∗ F for eachF ∈F . We call
T ⊂ [ω]ω a tower if T is well ordered by⊃∗ and has no infinite pseudointersection. We
say that a family of countable sets has thestrong finite intersection property(sfip) if every
nonempty finite subfamily has an infinite intersection.

Consider the following cardinal numbers introduced by van Douwen in [6]:

b=min
{|B|: B is an unbounded subset ofωω

};
p=min

{|F |: F is a subfamily of[ω]ω with thesfip
which has no infinite pseudointersection

};
t=min

{|T |: T is a tower
}
.

It was proved in [6], Theorem 3.7, that

t=min
{
T : T ⊂ [ω]ω is well ordered by⊂∗ and∀T ∈ T , (ω \ T ) is infinite,

and∀H ∈ [ω]ω ∃T ∈ T such that(H ∩ T ) is infinite
}
.

Example 3.4. Let α be a cardinal number. There is a sequentially compact ultrapseudo-
compactα-pseudocompact locally compact and zero-dimensional spaceY , which is not
ultracompact.

Proof. LetX = [ω, t)∪ω. There exists

T = {Hλ: ω6 λ < t} ⊂ [ω]6ω
such that

(1) Hω = ∅ and|Hλ| = ℵ0 for everyω < λ< t;
(2) ω6 γ < λ impliesHγ ⊂∗ Hλ;
(3) for everyω < λ< t, |ω \Hλ| = ℵ0; and
(4) for everyH ∈ [ω]ω there existsω6 λ < t such that|H ∩Hλ| = ℵ0.
We topologizeX as follows:ω and points ofω are isolated, and a basic neighborhood

of ω < λ< t has the form

N(γ,λ;F)= (γ,λ] ∪ ((Hλ \Hγ ) \F ),
whereω 6 γ < λ andF ∈ [ω]<ω. It was proved by van Douwen [6, Example 7.1], thatX is
a non-compact zero-dimensional separable sequentially compact locally compact normal
space. Even more, he proved thatX is an almost compact space (that is|β(X) \X| = 1).
Thus,X is α-pseudocompact for everyα < t. Besides, clX ω =X is not compact, soX is
notω-bounded, that is,X is not ultracompact.

Let A(X) be the one-point compactification ofX (in this caseA(X) = β(X)), and let
κ be a cardinal number with cofinality bigger than max(ω,α, t). The spaceA(X) is still



332 M. Sanchis, A. Tamariz-Mascarúa / Topology and its Applications 98 (1999) 323–343

sequentially compact because of Theorem 6.3 in [6]. Consider the productA(X)× [0, κ]
and the subspaceY = (A(X) × [0, κ)) ∪ (X × {κ}). SinceX and A(X) × [0, λ] are
sequentially compact for every ordinal numberλ (see [6, Theorem 6.9]), thenY is
sequentially compact; and because of the fact thatX is closed inY , this space is not
ultracompact. Using similar arguments as in Example 3.4, it is possible to prove thatY

is ultrapseudocompact andα-pseudocompact; moreover,Y is locally compact and zero-di-
mensional. 2
Example 3.5 [b= c]. Let α be a cardinal number. There is a sequentially compact zero-
dimensional ultrapseudocompactα-pseudocompact space which is notp-compact for any
p ∈ ω∗.

Proof. In [6, Example 13.1], van Douwen constructed, for eachp ∈ ω∗ a first countable
countably compact (hence sequentially compact) locally compact zero-dimensional (and
separable) spaceXp such that

∏
p∈ω∗ Xp is not countably compact. We have that the

spaceXp is not p-compact (it is not evenp-pseudocompact). For eachp ∈ ω∗, let
Kp = β(Xp) be the Stone–̆Cech compactification ofXp , and letK =⊕p∈ω∗ Kp be the
free topological sum of the family{Kp: p ∈ ω∗}. Take the one point compactification of
the spaceK, K̂ = K ∪ {x0}, wherex0 is a point not belonging toK. Choose a cardinal
numberκ such that cf(κ) > max{ω,α, c}, and consider the product̂Y = K̂ × [0, κ].
Finally, consider the subspaceY = (K̂ × [0, κ)) ∪ (X × {κ}) of Ŷ , whereX is the
subspace(

⊕
p∈ω∗ Xp) ∪ {x0} of K̂ . Because of the same arguments given in the previous

examples, we have thatY is ultrapseudocompact (cf(κ) > ω). It is notp-compact for any
p ∈ ω∗ because there is a sequence inXp × {κ} without ap-limit in Y . Using similar
reasoning to that in Example 3.3, we conclude thatY is sequentially compact. Besides,Y is
α-pseudocompact because it isC∗-embedded andGα-dense in̂Y (here we are using the
facts that cf(κ) >max{α, c} and|Xp| = c for everyp ∈ ω∗). 2

One of the common characteristics of all the examples we have already constructed is
that none of them is neither normal nor first countable. Using Corollary 6.6 in [27], we
deduce that every normal finallyp-compact space which isp-pseudocompact for at least
a p ∈ ω∗ is ultra-compact; and applying Theorem 6.8 in [27] we conclude that assuming
p>ω1, every perfectly normalp-pseudocompact space is compact. Furthermore, ifp ∈ ω∗
and(Un)n<ω is a sequence of open sets inω∗ \ {p}, then, sincep does not have a countable
local base, there is an open setU in ω∗ that containsp and such thatUn \ U 6= ∅. If
qn ∈ Un \U , thenK = clω∗ {qn: n < ω} is a compact subset inω∗ \ {p}. Thus, ther-limit
point of (qn)n<ω in K is anr-limit point of (Un)n<ω wherer ∈ ω∗. Therefore,ω∗ \ {p} is
an ultrapseudocompact space. On the other hand, ifp ∈ ω∗ is not a weaklyP -point, then
ω∗ \ {p} is not ultracompact because ifp belongs to the closure of{qn: n < ω}, then there
is q ∈ ω∗ such thatp is theq-limit of the sequence(qn)n<ω. It is known that ifp ∈ ω∗ is an
accumulation point of some countable discrete subset ofω∗, thenω∗ \ {p} is not normal.
Besides, under CH, everyω∗ \{p} is not normal (see, for example, [22]) and it is not known
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yet if it is consistent with ZFC that there exists a nonP -pointp ∈ ω∗ for whichω∗ \ {p} is
normal. (Also note that in the class of paracompact spaces,p-pseudocompactness implies
compactness, because in this class pseudocompactness and compactness coincide.) These
facts suggest the following questions:

Question 3.6. Is it consistent with ZFC that, for everyp ∈ ω∗, eachp-pseudocompact
space satisfyingP ∈ P must bep-compact, whereP = {normality, perfect normality,
collectionwise normality, normality+ countable paracompactness}?

Question 3.7. Is everyp-pseudocompact first countable Tychonoff (respectively, normal)
space, ap-compact space?

4. p-boundedness and products

It was proved in [11, Theorem 1.3], that an arbitrary product ofp-bounded subsets is
also ap-bounded subset. In this section we improve this result by showing a version of
the classical Glisckberg Theorem on pseudocompactness which characterizes when the
arbitrary product of pseudocompact spaces is pseudocompact by using the distribution
of the functor of the Stone–̆Cech compactification. As a consequence we obtain that, for
each cardinalα, Cα-compactness is preserving under products ofCα-compactp-bounded
subsets. First, we need several notations. Letf ∈ C(X×Y ). For eachx ∈X we will denote
by fx the function fromY into R defined by the requirementfx(y) = f (x, y) whenever
y ∈ Y . For y ∈ Y , the functionf y is defined in a similar way. We will denote byγX the
Dieudonné completionor universal completionofX. For eachf ∈C(X), f γ indicates the
continuous extension off to γX. LetH be a family of real-valued continuous function on
X × Y and letA,B be two subsets ofX andY , respectively. We shall define the families
HB ,HA as follows:

HB = {f y : y ∈B, f ∈H}, HA = {fx : x ∈A, f ∈H}.
The symbolsH∗B |A,H∗A|B denote the families:

H∗B |A= {Fy : f y ∈HB}, H∗A|B = {Fx : fx ∈HA},
whereFy , Fx are defined as

Fy = (f y)γ |clγX A, Fx = (fx)γ |clγ Y B

for (x, y) ∈X× Y .
We recall that a familyH of real-valued continuous functions onX is said to be

equicontinuousif for each x ∈ X and everyε > 0 there exists a neighborhoodV of x
such that|f (y)− f (x)|< ε whenevery ∈ V andf ∈H.H is calledpointwise boundedif
{f (x): f ∈H} is bounded inR for everyx ∈X. Let

osc(f,V )= sup
{∣∣f (x)− f (y)∣∣: x, y ∈ V }.
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Theorem 4.1. If H is an equicontinuous pointwise bounded family of real-valued
functions onX× Y , then for each(x0, y0) ∈X× γ Y and eachε > 0 there exists a regular
closed neighborhoodVy0 of y0 in γ Y such that

osc(Fx0,Vy0) < ε

wheneverFx0 ∈H∗Y |X.

Proof. Let (x0, y0) ∈X× γ Y and letε > 0. Define

Hx0 = {fx0: f ∈H}.
It is clear thatHx0 is equicontinuous and pointwise bounded onY . By [24, Theorem 7],
the family{f γx0: f ∈H} is equicontinuous (and pointwise bounded) inγ Y . Therefore, we
can find a regular closed neighborhoodVy0 of y0 in γ Y such that|f γx0(y)− f γx0(y0)|< 1

2ε

whenevery ∈ Vy0. The result now follows from the triangle inequality.2
Remark 4.2. Notice that, in the previous theorem, we can replaceX × γ Y andFx0 by
γX× Y andFy0, respectively.

The following result on extensions will be used in the sequel. In the proof we follow the
patterns given in [19, Lemma 4.4].

Theorem 4.3. LetA, B be twop-bounded subsets ofX andY , respectively. LetH be an
equicontinuous pointwise bounded family of real-valued functions onX × Y . ThenH∗A|B
is equicontinuous onclγ Y B.

Proof. Suppose that there existsy0 ∈ clγ Y B such thatH∗A|B is not equicontinuous aty0.
We will define by induction a sequence(f n)n<ω ⊂H, a sequence((an, yn))n<ω of points
in X× Y , and two sequences(V ∗n )n<ω, (Un×Vn)n<ω of regular closed subsets ofγ Y and
X× Y respectively, satisfying:

(1) |Fnan(yn)− Fnan(y0)|> ε for eachn < ω,

(2) for eachn < ω, V ∗n is a neighborhood ofy0 (in γ Y ) and osc(F nan,V
∗
n ) <

1
5ε,

(3) for eachn < ω, (Un × Vn) is a neighborhood of(an, yn) (in X × Y ) with
osc(f n,Un × Vn) < 1

5ε,
(4) for eachn < ω, intY Vn ⊂ intγ Y V ∗n−1 and intγ Y V ∗n ⊂ intγ Y V ∗n−1.
SinceH∗A|B is not equicontinuous aty0, then there existε > 0, (x, y) ∈ A × B and

f ∈H such that∣∣Fx(y)− Fx(y0)
∣∣> ε.

Forn= 1, we definea1= x, y1= y andf 1= f . Sincef 1 is continuous onX× Y , we
can find a regular closed neighborhood (inX× Y ), U1× V1, of (a1, y1) such that

osc(f 1,U1× V1) <
1
5ε.

By Theorem 4.1, there exists a regular closed neighborhood (inγ Y ) V ∗1 of y0 such that

osc(Fa1,V
∗
1 ) <

1
5ε
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for each f ∈ H. This completes the stepn = 1. For n > 1, sinceH∗A|B is not
equicontinuous aty0, there existyn ∈ intγ Y V ∗n−1 ∩B, an ∈A andf n ∈H such that∣∣Fnan(yn)− Fnan(y0)

∣∣> ε.
Let Un × Vn be a regular closed neighborhood (inX × Y ) of (an, yn) with intY Vn ⊂
intγ Y V ∗n−1 such that

osc(f n,Un × Vn) < 1
5ε.

By Theorem 4.1, we can find a neighborhood (inγ Y ) V ∗n of yn with V ∗n ⊂ V ∗n−1 such
that

osc(F nan,V
∗
n ) <

1
5ε.

This completes the induction. Now, sinceVn∩B 6= ∅ for eachn < ω, the sequence(Vn)n<ω
has ap-limit ŷ ∈ Y . Applying condition(4) it is easy to check that̂y is also a cluster
point of the sequence(V ∗n )n<ω and, consequently,̂y ∈ V ∗n for eachn < ω. Since each
(f n)(ŷ) is continuous onX, there exists a sequence(Tn)n<ω of regular closed sets inX
such thatan ∈ intX Tn ⊂ Un and osc((f n)(ŷ), Tn) < 1

5ε for eachn < ω. Let x̂ be ap-limit
of (Tn)n<ω. Then(̂x, ŷ) is both ap-limit of (Tn × Vn)n<ω and of(Tn × V ∗n )n<ω. SinceH
is equicontinuous onX× Y , we can find an open subsetU × V with (̂x, ŷ) ∈U × V such
that ∣∣f (x, y)− f (̂x, ŷ)∣∣< 1

5ε

wheneverf ∈H and(x, y) ∈ U × V .
Let H = {n < ω: (U × V ) ∩ (Tn × Vn) 6= ∅}. By condition (4), H is contained in
{n < ω: (U × V ) ∩ (Tn × V ∗n ) 6= ∅}. It follows from condition(3) that∣∣f n(̂x, ŷ)− f n(an, yn)∣∣< 2

5ε

whenevern ∈H .
On the other hand, sincêy ∈ V ∗n , for eachn < ω, |f n(an, ŷ)− Fnan(y0)|< 1

5ε for each

n < ω. Moreover, because osc((f n)(ŷ), Tn) < 1
5ε for eachn < ω, if a ∈ Tn then∣∣f n(a, ŷ)− f n(an, ŷ)∣∣< 1

5ε.

As a consequence,|f n(an, yn)− Fnan(y0)|< ε whenevern ∈H . This contradicts that∣∣Fnan(yn)− Fnan(y0)
∣∣> ε

for n= 1,2, . . . . 2
We recall that a subsetA of a spaceX is said to bebounded(in X) if every real-valued

continuous function onX is bounded onA. It is not hard to see that a subsetA is bounded
in X if every sequence of open sets (inX) meetingA has a cluster point inX. So, if
p ∈ ω∗, everyp-bounded subset is bounded and a topological space is pseudocompact if
and only if it is bounded in itself. However there exist pseudocompact spaces which are
notp-pseudocompact for anyp ∈ ω∗ (see Example 3.2 and [17]). We make mention of a
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lemma proved by Pupier in [23, Lemma 3.3]. For eachA⊂X, we will denote byAγ the
uniform space defined asA endowed with the restriction of the finest uniformity onX.

Lemma 4.4. LetA,B be two bounded subsets ofX andY , respectively. Then the following
assertions are equivalent:

(1) For each equicontinuous and pointwise bounded familyH in C(X × Y ), HA (res-
pectively,HB ) is uniformly equicontinuous onBγ (respectively, onAγ ).

(2) (A×B)γ =Aγ ×Bγ .

We recall that a compactification of a spaceX is a compact spaceK such thatX is
dense inK. Two compactificationsK1,K2 of X are called equivalent if there exists a
homeomorphismΦ from K1 onto K2 which leavesX pointwise fixed. We will write
K1 = K2 wheneverK1 andK2 are two equivalent compactifications ofX. If A ⊂ X, it
is well known that clγX A is the completion ofAγ (see, for example, [7, Theorems 8.3.6
and 8.3.12] for details). Letp ∈ ω∗. Since everyp-bounded subsetA is bounded, clγX A
is a compactification ofA. In fact, it is well known that clγX A= clβX A for each bounded
subsetA of X. We can apply this fact and the previous results in order to obtain:

Theorem 4.5. If Ai is ap-bounded subset ofXi for i = 1,2, . . . , n, then

clγX

n∏
i=1

Ai =
n∏
i=1

clγXi Ai,

whereX =∏n
i=1Xi .

Proof. First, we shall study the casen= 2. Applying Theorem 4.3, the subsetsA1 andA2

satisfy condition(1) in Lemma 4.4. So, clγ (X1×X2)(A1 × A2) and clγX1A1 × clγX2A2

are completions of the uniform space(A1 × A2)γ . So, because the identity mapping
on A1 × A2 is a uniform isomorphism on(A1 × A2)γ , it is extendable to a uniform
isomorphism from clγ (X1×X2)(A1×A2) onto clγX1A1×clγX2A2 (Theorem 8.3.11 in [7]).

Now, sincep-boundedness is preserving under arbitrary products, the general case
follows from a straightforward induction argument.2
Corollary 4.6. Let {pi}ni=1⊂ ω∗ be such that there existsq ∈ ω∗ with q 6RK pi for each
i = 1,2, . . . , n. If Ai is api -bounded subset ofXi for i = 1,2, . . . , n, then the restriction
to
∏n
i=1Ai of each real continuous function on

∏n
i=1Xi admits a continuous extension to∏n

i=1 clγXi Ai .

Corollary 4.7. Let X =∏n
i=1Xi and let {pi}ni=1 ⊂ ω∗ be such that there existsq ∈ ω∗

with q 6RK pi for eachi = 1,2, . . . , n. If Ai is api -bounded subset ofXi for i = 1,2, . . . ,
then

clγX

n∏
i=1

Ai =
n∏
i=1

clγXi Ai.
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As for each bounded subsetA of X, clγX A= clβX A, Theorem 4.5 is a version of the
classical Glisckberg Theorem on pseudocompactness in the realm ofp-bounded subsets.
Our goal in the sequel is to obtain a version of the Glisckberg Theorem for arbitrary
products. Lemma 4.9 below is a straightforward version of Lemma 2.5 in [15]. We first
need the following result; its proof is a routine adaptation of the proof of Lemma 2.1 in [8]
and it is left to the reader.

Lemma 4.8. LetX,Y be two topological spaces and letA,B be two infinite subsets ofX
andY , respectively. IfA× B is not bounded inX × Y , then there exists a locally finite
family {Un × Vn}n<ω of nonempty canonical open sets ofX× Y meetingA×B such that
the families{Un}, {Vn} are pairwise disjoint.

Lemma 4.9. Let X,Y be two topological spaces and letA,B be two infinite subsets of
X andY , respectively. Ifclβ(X×Y )(A× B)= clβX A× clβY B, thenA× B is bounded in
X× Y .

Proof. Suppose thatA× B is not bounded inX × Y . According to Lemma 4.8 we can
find a locally finite family {Un × Vn}n<ω of open canonical sets (inX × Y ) meeting
A× B such that{Un}n<ω and{Vn}n<ω are pairwise disjoint. Choose, for eachn < ω, a
point tn = (xn, yn) ∈ (Un × Vn) ∩ (A× B). Now, for eachn < ω, consider a real-valued
continuous functionfn onX× Y satisfying:

06 fn 6 1, fn(tn)= 1, fn
(
(X× Y ) \ (Un × Vn)

)= 0.

Since{Un × Vn}n<ω is locally finite, the real-valued functionf onX× Y defined as

f (x, y)= sup
n<ω

fn(x, y), (x, y) ∈X× Y

is a bounded real-valued continuous function. Letg = f β |clβ(X×Y )(A×B). By hypothesis,
clβ(X×Y )(A×B) is a compactification ofA×B equivalent to clβX A×clβY B. So, we can
consider thatg is defined on clβX A× clβY B. Let (x, y) ∈ clβX A× clβY B a cluster point
of the sequence{(xn, yn)}n<ω. Then, for each canonical open set (in clβX A × clβY B)
U × V containing(x, y), we can choosen,m ∈ ω with n 6= m such that(xn, yn) and
(xm, ym) belong toU×V . So,(xn, ym) ∈U×V and, consequently,g(x, y)= 0. But, since
(x, y) is a cluster point of the sequence{(xn, yn)}n<ω, g(x, y)= 1, a contradiction. 2
Theorem 4.10.Let {Xα}α∈I be a family of topological spaces,X = ∏

α∈I Xα and
{Aα}α∈I be a family of sets such thatAα is bounded inXα for eachα ∈ I . If

clβX
∏
α∈I

Aα =
∏
α∈I

clβXα Aα,

then
∏
α∈I Aα is bounded inX.

Proof. First notice that, as the product of a compact subset and a bounded subset
is bounded (see, for example, Proposition 1 in [2]), we can suppose, without loss of
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generality, that the family{Aα}α∈I contains at least two infinite setsAσ andAη. Let
J = I \ {σ }. We shall prove that clβY

∏
α∈J Aα and

∏
α∈J clβXα Aα are equivalent

compactifications of
∏
α∈J Aα whereY =∏α∈J Xα . To see this, according to [16, 10E] it

suffices to prove that the functions inC∗(
∏
α∈J Aα) that are extendable to clβY

∏
α∈J Aα

are the same as those extendable to
∏
α∈J clβXα Aα .

Let f ∈ C(∏α∈J clβXα Aα). Since
∏
α∈J clβXα Aα is compact, there exists a continuous

extensiong of f to
∏
α∈J βXα . Considerh = g|∏

α∈J Xα . It is clear that the restriction
of hβ to clβY

∏
α∈J Aα is a continuous extension off |∏

α∈J Aα . Conversely, iff ∈
C(clβY

∏
α∈J Aα), the restriction off to

∏
α∈J Aα admits a continuous extension to∏

α∈J clβXα Aα . In fact, since clβY
∏
α∈J Aα is compact, there is a real-valued continuous

functiong onβY such that

g|∏
α∈J Aα = f |∏α∈J Aα .

Consider a real-valued continuous functionh on
∏
α∈I Xα defined as

h(xα)= g
(
πJ (xα)

)
, xα ∈

∏
α∈I

Xα,

whereπJ is the projection map from
∏
α∈I Xα onto

∏
α∈J Xα . Thenh ∈ C∗(∏α∈I Xα)

and, consequently, it admits a continuous extensionhβ toC(β(
∏
α∈I Xα)). As

clβX
∏
α∈I

Aα and
∏
α∈I

clβXα Aα

are equivalent compactifications of
∏
α∈I Aα , there existsm ∈ C∗(∏α∈I clβXα Aα) such

that

m|∏
α∈I Aα = h|∏α∈I Aα .

Now fix xσ ∈Aσ . It is clear that the functionm∗ defined as

m∗(xα)=m(xσ , xα) whenever(xα) ∈
∏
α∈J

clβXα Aα

is a continuous function on
∏
α∈J clβXα Aα satisfying

f |∏
α∈J Aα =m∗|∏α∈J Aα .

Thus,
∏
α∈J clβXα Aα and clβY

∏
α∈J Aα are equivalent compactifications of

∏
α∈J Aα .

Therefore we have

clβX
∏
α∈I

Aα =
∏
α∈I

clβXα Aα = clβXσ Aσ × clβY
∏
α∈J

Aα.

SinceAσ and
∏
α∈J Aα are infinite (because

∏
α∈J Aα containsAη), the desired result

follows by Lemma 4.9. 2
Let X =∏α∈I Xα . Consider a family of sets{Aα}α∈I with Aα ⊂ Xα for eachα ∈ I

and let f ∈ C(X). For each finite subsetJ of I and eachb ∈ ∏α∈I\J Aα , we will
denote byfJ (−, b) the function from

∏
α∈J Aα into R defined by the requirement that
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fJ (a, b)= f (a, b) whenevera ∈∏α∈J Aα . We will denote byH(f, J ) the family defined
as

H(f, J )=
{
fJ (−, b): b ∈

∏
α∈I\J

Aα

}
.

The following results about extensions of maps and projection maps are needed. We
recall that a mapf fromX into Y is said to bez-closed iff (Z) is closed inY whenever
Z is a zero set inX.

Theorem 4.11 (Tǎımanov [25]). LetS be a dense subspace of a topological spaceY and
let φ be a continuous map fromS into a compact Hausdorff spaceT . Suppose thatB is
a base for the closed sets ofT which is closed under finite intersections. Thenφ can be
continuously extended overY if and only if for every pairB1, B2 of disjoint elements ofB
the inverse imagesφ−1(B1) andφ−1(B2) have disjoint closures inY .

Theorem 4.12 (Comfort and Hager [5]).The following conditions on the product space
X× Y are equivalent:

(1) The projection mappX fromX× Y ontoX is z-closed.
(2) If f is a bounded real-valued continuous function onX×Y , then{f y : y ∈ Y } is an

equicontinuous family onX.

Theorem 4.13.Let {Xα}α∈I be a family of topological spaces,X = ∏
α∈I Xα and

{Aα}α∈I be a family of sets such thatAα is bounded inXα for eachα ∈ I . Then, the
following assertions are equivalent:

(1)
∏
α∈I Aα is bounded in

∏
α∈I Xα and, for each finite subsetJ of I and each

f ∈ C(∏α∈I Xα), the familyH(f, J ) admits an equicontinuous extension to∏
α∈J clβXα Aα .

(2) For eachf ∈ C(∏α∈I Xα), f |∏α∈I Aα admits a continuous extension to∏
α∈I clβXα Aα .

(3) clβX
∏
α∈I Aα =

∏
α∈I clβXα Aα .

Proof. (1)⇒ (2) Let f ∈ C(∏α∈I Xα). First, following the patterns given in [7,
3.12.20(a)], we shall prove that, for everyε > 0, there exists a finite setS0 ⊂ I with the
property that if forx, y ∈∏α∈I Aα we have that ifpα(x)= pα(y) wheneverα ∈ S0, then
|f (x)− f (y)|< ε.

Assume that there is no suchS0. Fix α1 ∈ I . Then, there existx1, y1 ∈∏α∈I Aα such
thatpα1(x1)= pα1(y1) and|f (x1)− f (y1)|> 1

2ε.
LetU1=∏α∈I U1

α , V 1=∏α∈I V 1
α be open neighborhoods ofx1, y1, respectively, such

that

osc(f,U1) < 1
8ε, osc(f,V 1) < 1

8ε,

andU1
α1
= V 1

α1
. Let S1= {α1} and defineS2 in the following way:{

α ∈ I : U1
α 6=Xα or V 1

α 6=Xα
}
.
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By assumption (sinceS2 is finite), we can findx2, y2 such thatpα(x2)= pα(y2) whenever
α ∈ S2 and|f (x2)− f (y2)|> 1

2ε.
In this way, by induction, we can find two sequences of points(xn)n<ω, (yn)n<ω in∏
α∈I Aα , a sequence(Sn)n<ω of finite subsets ofI and two sequences of open subsets in∏
α∈I Xα, (Un)n<ω , (V n)n<ω, satisfying:
(1) |f (xn)− f (yn)|> 1

2ε for all n < ω,
(2) osc(f,Un) < 1

8ε, osc(f,V n) < 1
8ε for all n < ω,

(3) If Sn = {α ∈ I : Un−1
α 6=Xα orV n−1

α 6=Xα}, thenSn ⊆ Sn+1 for all n < ω,
(4) Unαi = V nαi wheneverαi ∈ Sn.

SinceUn∩∏α∈I Aα 6= ∅ for all n < ω and
∏
α∈I Aα is bounded in

∏
α∈I Xα , {Un}n<ω has

a cluster pointz ∈∏α∈I Xα . LetW be an open neighborhood ofz with osc(f,W) < 1
8ε.

The fact thatz is a cluster point of(Un)n<ω joint conditions(3) and(4) imply that we can
find n < ω such that

W ∩Un 6= ∅, W ∩ V n 6= ∅.
Applying condition(2) we have that|f (z) − f (xn)| < ε/4 and|f (z) − f (yn)| < 1

4ε

which contradicts condition (1).
Now, consider the functiong = f |∏

α∈I Aα . Since
∏
α∈I Aα is bounded in

∏
α∈I Xα ,

we can find a compact interval[α,β] such thatg(
∏
α∈I Aα) is contained in[α,β]. Set

Y = ∏α∈I clβXα Aα . Let K1,K2 be two pairwise disjoint closed subsets of[α,β]. By
Tǎımanov’s theorem we only need to prove that

clY g−1K1 ∩ clY g−1K2= ∅.
Because[α,β] is compact, there existsε > 0 such that|k1− k2|> ε whenever(k1, k2) ∈
K1 ×K2. Let J be a finite subset ofI such that|g(x)− g(y)| < 1

3ε wheneverpα(x) =
pα(y), α ∈ J and x, y ∈ ∏α∈I Aα . For convenience, in the sequel we will denote∏
α∈J clβXα Aα byM. We shall first prove that

clM pJ
(
g−1(K1)

)∩ clM pJ
(
g−1(K2)

)= ∅.
Suppose that, contrary to what we claim, there exists

p ∈ clM pJ
(
g−1(K1)

)∩ clM pJ
(
g−1(K2)

)
.

Since {fJ (−, b): b ∈ ∏α∈I\J Aα} has an equicontinuous extension{f ∗J (−, b): b ∈∏
α∈I\J Aα} to

∏
α∈J clβXα Aα we can find two pointsx = (xα)α∈J ∈ pJ (g−1(K1)) and

y = (yα)α∈J ∈ pJ (g−1(K2)) such that∣∣f ∗J (p, b)− f ∗J (x, b)∣∣< 1
3ε,

∣∣f ∗J (p, b)− f ∗J (y, b)∣∣< 1
3ε

wheneverb ∈ ∏α∈I\J Aα . Let b1, b2 be in
∏
α∈I\J Aα with (x, b1) ∈ g−1(K1) and

(y, b2) ∈ g−1(K2). Then,∣∣f (x, b1)− f (y, b2)
∣∣6 ∣∣f (x, b1)− f ∗J (p, b1)

∣∣
+ ∣∣f ∗J (p, b1)− f (y, b1)

∣∣+ ∣∣f (y, b1)− f (y, b2)
∣∣

< 1
3ε+ 1

3ε +
∣∣f (y, b1)− f (y, b2)

∣∣.
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SincepJ (y, b1)= pJ (y, b2), we have that|f (y, b1)− f (y, b2)|< 1
3ε, and consequently,

|f (x, b1)− f (y, b2)|< ε. But this leads us to a contradiction, becausef (x, b1) ∈K1 and
f (y, b2) ∈K2. Thus,

clM pJ
(
g−1(K1)

)∩ clM pJ
(
g−1(K2)

)= ∅.
Now, suppose that there isq ∈ clY g−1(K1) ∩ clY g−1(K2). Then every open neighbor-

hoodW of q in Y such that

W =
∏
α∈J

Vα ×
∏
α∈I\J

clβXα Aα

where
∏
α∈J Vα is a basic open set in

∏
α∈J clβXα Aα , meetsg−1(K1) ∩ g−1(K2).

Therefore

pJ (q) ∈ clM pJ
(
g−1(K1)

)∩ clM pJ
(
g−1(K2)

)
,

a contradiction.
(2)⇒ (3) Both clβ(

∏
α∈I Xα) Aα and

∏
α∈I clβXα Aα are compactifications of

∏
α∈I Aα .

By (2), the functions on
∏
α∈I Aα continuously extendable to clβ(

∏
α∈I Xα)

∏
α∈I Aα are the

same than the functions continuously extendable to
∏
α∈I clβXα Aα . So, by [16, 10E(2)],

clβ(
∏
α∈I Xα) Aα and

∏
α∈I clβXα Aα are equivalent compactifications of

∏
α∈I Aα .

(3)⇒ (1) By Theorem 4.10,
∏
α∈I Aα is bounded in

∏
α∈I Xα . Let f ∈ C(∏α∈I Xα)

and letJ be a finite subset ofI . Consider the continuous extensiong of f |∏
α∈I Aα to∏

α∈I clβXα Aα . Since∏
α∈J

clβXα Aα ×
∏
α∈I\J

clβXα Aα

is compact, the projection mapp∏
α∈J clβXα Aα is z-closed. So, according to Theorem 4.12,

H(g, J ) is equicontinuous on
∏
α∈J clβXα Aα and the proof is complete.2

We can apply Theorem 4.13 in order to obtain

Corollary 4.14. Let {Xα}α∈I be a family of topological spaces and letX =∏α∈I Xα .
Consider, for eachα ∈ I , a subsetAα of Xα such thatAα is pα-bounded inXα with
pα ∈ ω∗. If there existsp ∈ ω∗ such thatp 6RK pα for all α ∈ I , then

clβX
∏
α∈I

Aα =
∏
α∈I

clβXα Aα.

Let α be a cardinal number. A subsetA of X is said to beCα-compact iff (A) is a
compact subset ofRα for each continuous function fromX intoRα . Cω-subsets are called
C-compact subsets. The cardinal number

ρ(A,X)= sup{α: A isCα-compact inX}
is calledthe degree of pseudocompactnessof A in X. The reader might consult [14] for
basic results on degree of pseudocompactness. SinceA is Cα-compact inX if and only
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if A is Gα-dense in clβX A (see Theorem 1.2 in [14]), we can apply Theorem 4.23 and
Lemma 3.3 in [14] in order to obtain

Corollary 4.15. Let p ∈ ω∗. If, for eachα ∈ I , Aα is ap-bounded,C-compact subset of
Xα , then

ρ

(∏
α∈I

Aα,
∏
α∈I

Xα

)
=min

{
ρ(Aα,Xα): α ∈ I

}
.

In particular, the product of a family ofp-bounded,Cα-compact subsets is aCα-compact
subset.

The interval(0,1) is a trivial example of ap-bounded subset (inR) for all p ∈ ω∗ which
is notC-compact. The following example improves this result. For each topological space
X, we denote byF(X) the free topological group generated byX (see Sections 2.3 and
9.20 in [4] for definition). It is well known thatX is a closedC-embedded subset ofF(X).

Example 4.16. For every cardinal numberα > ω there exists a bounded subset of a
topological groupG which is notCα-compact inG.

Proof. Let α > ω be a cardinal number. LetX be a pseudocompact space which is not
Cα-compact in itself [14, Corollary 2.8]. Consider the free topological groupF(X) over
X. SinceX is C-embedded inF(X), X is notCα-compact inF(X). Moreover, because
every bounded subset of a topological group isp-bounded for allp ∈ ω∗ (see Remark 4.17
below),X is p-bounded inF(X) for all p ∈ ω∗. 2
Remark 4.17.

(1) As a consequence of Theorem 2.6 and Theorem 2.8 in [15], condition(1) in
Theorem 4.13 is satisfied when considering a family of pseudocompact subsets
whose finite products are also pseudocompact and whose product is bounded in the
whole space. So, if{Pα}α∈I is a family of pseudocompact spaces such that

∏
α∈J Pα

is pseudocompact for each finite subsetJ of I and
∏
α∈I Pα is bounded in

∏
α∈I Xα ,

then

clβ(
∏
α∈I Xα) Pα =

∏
α∈I

clβXα Pα.

In addition, Comfort’s example [3] of a non-pseudocompact product space whose
finite subproducts are pseudocompact spaces, points out that we can not omit that∏
α∈I Pα be bounded.

(2) A slight modification of the proof of Theorem 1 of [26] shows that every bounded
subset of a topological groupG is p-bounded for eachp ∈ ω∗ (see Theorem 4.3
of [13] for details). So, Corollaries 4.14 and 4.15 give alternative proofs of
Corollary 3 in [18], Corollary 3.8 in [14] and Corollary 4.1 in [19].
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[21] M. Katĕtov, Products of filters, Comment. Math. Univ. Carolin. 9 (1968) 173–189.
[22] J. van Mill, An introduction toβ(ω), in: K. Kunen and J.E. Vaughan, eds., Handbook of Set-

Theoretic Topology (North-Holland, Amsterdam, 1984).
[23] R. Pupier, Topological completion of a product space, Rev. Roum. Math. Pures Appl. 19 (1974)

925–933.
[24] M. Sanchis, A note on Ascoli’s theorem, Rocky Mountain J. Math., to appear.
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